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Abstract
We show that the linking number of two homologically trivial dis-
joint p and (D− p− 1)-dimensional submanifolds of a D-dimensional
manifold can be derived from the topologically massive BC theory in
low energy regime.
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Antisymmetric tensor fields arise in string theory [1] and supergravity [2]
and play an important role in dualization [3, 4, 5]. They can be viewed as
the components of a p-form field B given by
B =
1
p!
Bµ1...µpdx
µ1 ...dxµp . (1)
The theory involving a p-form field B and a (D − p − 1)-form field C was
first introduced by Horowitz [6] and Blau and Thompson [7]. Horowitz’s
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theory does not involve any local dynamics. He was in fact interested in
generalizing Witten’s idea [8] – who proved the equivalence between the three
dimensional Einstein action and the non-abelian Chern-Simons term – to an
arbitrary dimension. Horowitz treated a class of models that are invariant
under diffeomorphism, and that naturally bring “three dimensional gravity
included as a special case”. In [9], Horowitz and Srednicki used the same
model to provide a definition of generalized linking number of p-dimensional
and (D − p− 1)-dimensional surfaces in a D-dimensional manifold. Later,
making use of variational method, Oda and Yahikozawa [10] obtained the
same result and generalized it to the nonabelian case.
The introduction of dynamical terms for a p-form field B and a (D −
p − 1)-form field C leads to topologically massive theories for abelian [11]
and non-abelian [12] gauge theories. These theories are a generalization of
the topological mass generation mechanism in three dimensions proposed by
Deser, Jackiw and Templeton with the Chern-Simons term [13]. This also
generalizes the abelian topological mass mechanism in D = 4 constructed
with a 2-form and a vector field with a BF term [14]. We emphasize here that
the non-abelian construction proposed in [12] does not describes a topolocally
massive BF model in D dimensions. The authors did not include the Yang-
Mills term, since they consider a flat connection. The non-abelian topological
massive Yang-Mills theory with no flat connection was constructed in [15] and
[16], in four and D dimensions, respectively.
In this paper we analyze the local effects in the correlation function
〈B(x)C(y)〉 of the topologically massive abelian BC model integrated over
two homologically trivial disjoint submanifolds. We show that the linking
number can be derived from the topologically massive BC theory, in the
low energy regime generalizing in part the results in [9] and extending to D
dimensions the 3-dimensional case [17].
We follow closely the notation and conventions adopted in [18]. We use
the form representation for fields with the usual Hodge ∗ operator, which
maps a p-form into a (D − p)-form and ∗∗ = (−1)p(D−p)+1. The adjoint
operator acting in a p−form is defined as d† = (−1)Dp+D ∗ d∗ [19], where
d = dxµ(∂/∂xµ) is the exterior derivative and D is the dimension of a flat
manifold MD without boundary with metric gµν = diag(− + + · · · + ++).
The inner product of two p-forms fields A and B are defined by
(A,B) =
∫
A(x) ∧ ∗B(x) =
∫
M
1
p!
A(x)µ1..µpB(x)
µ1..µpdDx. (2)
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The ∗d operator maps a p-form into a (D−p−1)-form and has the properties
(Ωp, ∗dΩD−p−1) = (−1)
Dp+1(ΩD−p−1, ∗dΩp), (3)
(Ωp, ∗d ∗ dωp) = (ωp, ∗d ∗ dΩp) , (4)
for any p and (D − p − 1)-form. We use from now on the rules to forms
functional calculus developed in [20]:
δA(x)
δA(y)
= δDp (x− y), (5)
with δDp (x− y) is defined in terms of usual Dirac delta function:
δDp (x− y) =
1
p!
δD(x− y)gµ1ν1 ..gµpνpdx
µ1 ∧ .. ∧ dxµp ⊗ dyν1 ∧ .. ∧ dyνp. (6)
The linking number between two disjoint submanifolds ofMD can be defined
as
L (U, V ) =
∫
U
∫
W
∗δDp (x− y) , (7)
where U and V are boundaries of submanifolds Z and W , namely, U = ∂Z
and V = ∂W . In this expression, x and y are points of U andW respectively,
and the ∗ operator acts on the part of δDp (x− y) defined on W .
We start with the following classical abelian action [12],
S =
∫
MD
(
1
2
(−1)rHB ∧ ∗HB +
1
2
(−1)sHC ∧ ∗HC +mB ∧ dC
)
, (8)
where r = Dp+p+D, s = Dp+p+1, B is a p-form field, C is a (D−p−1)-
form field both with canonical dimension (D − 2)/2 and HB, HC are their
respective field strengths
HB = dB, (9)
HC = dC, (10)
all them real-valued and m is a mass parameter. The factor (−1) in front
of the kinetic terms is required in order to have a positive kinetic energy in
the Hamiltonian. As claimed in [12], the model just describe a topologically
3
massive BC model denoted by TMBC. Note that for D = 4 and p = 1
we recover the topologically massive BF model [14]. The action is clearly
invariant under the gauge transformations
δB = dΩ, (11)
δC = dΘ, (12)
where Ω and Θ are (p − 1)-form and (D − p − 2)-form gauge parameters.
These gauge transformations are reducible, i.e.,Ω′ and Θ′ given by
Ω′ = Ω+ dω, (13)
Θ′ = Θ+ dθ, (14)
are also honest gauge parameters satisfying (11) and (12) respectively, since
d2 = 0. Naturally, the same holds to ω, θ, etc. So, in order to construct
the action to be quantized, one has to introduce ghosts and ghosts for ghosts
and so on.
Let us write the action in a more compact form. We introduce a doublet
Φ(x), with B(x) and C(x) being the components fields:
Φ(x) =
(
Φ1(x)
Φ2(x)
)
=
(
B(x)
C(x)
)
. (15)
The inner product between two doublets is defined by
(Φ,Ψ) = (Φ1,Ψ1) + (Φ2,Ψ2) = (Ψ,Φ) . (16)
Then, making the use of Eqs. (3) and (4), we have
STMBC =
m
2
(
Φ, ∗−1dOΦ
)
, (17)
where
O =
(
(−1)Dp+D+1 ∗ d/m 1
(−1)Dp+1 (−1)Dp+D+1 ∗ d/m
)
. (18)
We are interested in the computation of
〈∫
U
B(x)
∫
V
C(y)
〉
TMBC
. (19)
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In order to obtain this correlation function, we must deal with the gauge-fixed
action.
The gauge fixed action becomes,
Sgf =
m
2
(
Φ, ∗−1dOΦ
)
+ (L, d ∗ Φ) + . . . , (20)
where the dublet
L(x) =
(
L1(x)
L2(x)
)
, (21)
is the Nakanishi-Lautrup field introduced to implement the evaluation of
path integral. Note that L1 and L2 are a (D−p+1)-form and a (p−2)-form
respectively. The functional is written as
Z =
∫
DXeiSgf , (22)
where DX = DBDCDL1DL2 · · · is the functional measure. From the func-
tional identities
1
Z
∫
DX
δ
δΦ (y)
[
Φ (x) eiSgf
]
= 0, (23)
and
1
Z
∫
DX
δ
δΦ (y)
[
L (x) eiSgf
]
= 0, (24)
we have
im
〈
Φ (x) ∗−1 dOΦ (y)
〉
± i 〈Φ (x) d ∗ L (y)〉+ δDp,D−p−1 (x− y) = 0, (25)
〈
L (x) ∗−1 dOΦ (y)
〉
± 〈L (x) d ∗ L (y)〉 = 0, (26)
where
δDp,D−p−1 (x− y) =
δΦ (x)
δΦ (y)
=
(
δDp (x− y)
δDD−p−1(x− y)
)
, (27)
and the correlation function of two dublets is taken as being
〈Φ(x)Ψ(y)〉 =
(
〈Φ1(x)Ψ1(y)〉
〈Φ2(x)Ψ2(y)〉
)
. (28)
To compute these correlation functions, we must invert the operator O. But
O−1 has local and non-local terms. To get rid of non-local terms, one has to
be concerned with low energy regime. So, to get the local terms of O−1, we
expand in powers of ∗d/m:
O−1 =
(
(−1)D+1 ∗ d/m (−1)Dp+1
1 (−1)D+1 ∗ d/m
)
α, (29)
where
α = Σ∞n=0(−1)
n(Dp+1)(∗d/m)2n. (30)
Since L is Nakanishi-Lautrup field, 〈L(x)L(y)〉 = 0. Then, from Eq. (26),
we have
〈dΦ(x)L(y)〉 = 0, (31)
and consequently, 〈∫
U
B(x)
∫
W
∗d ∗ L1(y)
〉
= 0. (32)
Using this identity and Eq. (25) we arrive at
m
〈∫
U
B(x)
∫
V
C(y)
〉
+ (−1)Dp+D+1
〈∫
U
B(x)
∫
V
∗dB(y)
〉
= iL(U, V ),
(33)
where we have used the Eq. (7). To evaluate the second term of the equation
above, we take x 6= y in the equation (25) and apply O−1 on it:
〈Φ(x) ∗ dΦ(y)〉 =
±1
m
〈
Φ(x)O−1d ∗ L(y)
〉
. (34)
In low energy regime O−1d∗ = βd∗, where
β =
(
0 (−1)Dp+1
1 0
)
. (35)
Writing Eq. (34) in components and integrating over U and V , it is clear
that 〈∫
U
B(x)
∫
V
∗dB(y)
〉
=
±1
m
〈∫
U
B(x)
∫
V
d ∗ L2(y)
〉
= 0. (36)
So, we finally have that
iL(U, V ) = m
〈∫
U
B(x)
∫
V
C(y)
〉
. (37)
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Wemust enforce that this remarkable result was deduced restricting ourselves
to low energy regime. Otherwise, non-local terms would appear and could
jeopardize our analysis.
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